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1 Introduction
In this project the current and the conductance seen in the Coulomb Blockade lab (for a quantum dot) will be
solved numerically. Furthermore, a stability diagram for the device will be generated by focusing on the regime
of small tunnel couplings, where electrons tunnel through the device one by one. This means the mathematics
become rather simple.

However, it is required to solve the so-called rate equations in order to obtain the correct IV-characteristics.
The solutions to the rate equations will yield the occupation probabilities of the many-body states of the device,
from which the current can be obtained.

2 Theory
The quantum dot is modelled as having few states whilst strong Coulomb interactions are present. This
limitation makes the simulation of the quantum dot simpler. Thus, the theory derived next is therefore based
on this limitation. However, that is not to say it is a bad model. This model is in fact used to describe the
single electron transistor and is a versatile tool used in quantum transport research to investigate e.g heat engine
quantum dots [1] and architectures for quantum computing [2].

2.1 The states and energies of a quantum dot
A quantum dot can be described as an artificial atom, and similarly to an atom, a quantum dot has several
states. The energies, Ei(N) of these so called many-body states, |N, i〉, is used to characterize the quantum dot,
where the index i describes the different many-body states with N electrons [3].

As the device is small, the electrons will interact with each-other with Coulomb interactions. Hence, the total
energy is modelled by the so called constant interaction model [4]. It is given by following equation

Etot =

N∑
i

Ei(N) = U(N) +

N∑
k∈Ωi

εk, (1)
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where U(N) is defined as the energy stored electrostatically in this system and εk is defined as the energies of
the occupied single-particle orbitals in the state i, Ωi. When defining the orbital index i, spin degeneracy is
taken into consideration. In the absence of a magnetic field, two occupied single-particle orbitals in the same
state will have the same energy [3].

The energies can be used to define the chemical potential of the dot by:

µijN = Ei(N)− Ej(N − 1). (2)

Given the chemical potentials of the dot, it is possible to obtain the regions where the current is zero. Further-
more, if the tunnel couplings are known, the current can be numerically solved as a function of gate voltage, i.e
a stability diagram can be modelled [3].

2.2 Tunnel rates
The state of the quantum dot is varying as electrons tunnels on and off the dot. A probability, PNi for being in
the state |N, i〉 can be obtained by solving the so called rate equations. To solve the rate equations it is required
to determine the tunnel rates first. When an electron tunnels into a quantum dot in the initial state |N − 1, j〉,
the dot will have its state altered to |N, i〉. The total rate for this tunneling process is described by [3]

WNi,(N−1)j =
∑
r=L,R

ΓrNi,(N−1)j · fr(µ
ij
N ) (3)

where ΓrNi,(N−1)j is the tunnel coupling between the quantum dot and either its left lead (r = L) or its right
lead (r = R). A tunnelling process can only occur if there is an available electron on one of the leads, which is
why the Fermi-Dirac distribution, fr(εij) is included in equation 3 [3]. This distribution is given by [5]

f(ε) =
1

e(µN−µr)/kbT + 1
(4)

where µN is the energy input, µr is the chemical potential of either the right or left lead and kb is the Boltzmann
constant. It is clear that since the state occupancy of the quantum dot depends on the Fermi-Dirac distribution,
it will also be temperature dependant.

In contrast, an electron that tunnels out of the quantum dot changes the initial state of the dot, |N + 1, j〉 to
|N, i〉. This process is then given by

WNi,(N+1)j =
∑
r=L,R

ΓrNi,(N+1)j ·
(

1− fr(µijN+1)
)

(5)

When an electron tunnels out of the dot, an empty state is needed in one of the electrodes, which is evident in
the second term in 5, i.e one minus the Fermi-Dirac distribution [3].

2.3 Rate equations
The probability of a state, |N, i〉 being occupied is given by PNi. Thus, the derivative of the probability with
respect to time, ṖNi is a sum of all the tunnel rates associated with the occupation of a state |N, i〉, minus the
tunnel rates associated with the depopulation of a state |N, i〉, and is given by

ṖNi =
∑

N ′=N±1

∑
j

WNi,N ′j · PN ′j −
∑

N ′=N±1

∑
j

WN ′j,Ni · PNi (6)

where PN ′j and PNi are the weighted probabilities for the processes leading to an occupation of a state and a
depopulation of a state, respectively [3].

Assuming steady state, ṖNi can be set to zero. This generates a set of linear equations and can be solved
to obtain all occupation probabilities during a long time, given the probability normalization

∑
Ni PNi = 1.

Thus, stationary properties like current can be acquired from this result. With the occupation probabilities,
this is done by counting the amount of electrons tunneling out of the electrode r, and subtracting the electrons
tunneling in. This calculation is weighted by a probability of the dot being in the analogous initial state. The
equation for the current is as follows [3]:

IQD = Ir = −e
∑
N

∑
i

∑
N ′=N±1

∑
j

W Ir
Ni,N ′j · PN ′j (7)
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where

W Ir
Ni,(N−1)j = ΓrNi,(N−1)j · fr(µ

ij
N ) (8)

which signifies the tunnel rate of depopulation of a state and

W Ir
Ni,(N+1)j = −ΓrNi,(N+1)j ·

(
1− fr(µjiN+1)

)
(9)

which signifies the tunnel rate of occupation of a state.

2.4 The effect of an external magnetic field: Zeeman splitting
Assuming no external magnetic field is applied, the single-particle orbital is spin degenerate, with the energies
ε1 and ε2, which are the same. In the presence of an external magnetic field, these states will split because
of magnetic-spin interactions in the quantum dot. This is called the Zeeman effect and only strong magnetic
fields are considered as otherwise it would complicate the model used considerably (to avoid effects such as
Russell–Saunders coupling) [6]. The energy split of the states, ε

′

B , can be written as [7],[8]

ε
′

B = gµBB (10)

where g is the Landé g-factor , µB is the Bohr magneton, and B is the applied magnetic field in the order of ∼
1 T. This energy will be added to the system described by equation 1 & 2. The g-factor is a material property
that describes the angular and magnetic momenta of a particle and for an electron in vacuum g ≈ 2.00232.

3 Results and discussion
The values used for this experiment is Γ = 1 GHz (it is assumed the barriers are equal; this value was chosen
arbitrarily, but is a possible tunneling rate [9]), CΣ = 1016, αg = 0.1, EC = e2/CΣ (This is the energy from the
capacitive coupling preventing the electrons from simply entering the quantum dot), µB = 9.274 ·10−24 and g
= 3 (This corresponds to the g-factor for p-type GaSb used in the Coulomb Blockade lab [8]).

Figure 1: The current and conductance at T = 1 K and B = 0 T. In the first part, the pairs of triangles produced by
the two non-degenerate energy levels in the quantum dot can be seen. The second part shows the conductance of the
quantum dot, which is related to dI/dVds. As Vg is swept the conductance lines show values where there are charge
carriers traveling through the barriers and at the intersections (which are proportional to the charging energy) there

will be local maximums in conductance.
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Figure 2: Now a magnetic field is applied. The current and conductance is shown for T = 1 K and B = 3 T. Since the
two single electron states are no longer degenerate, the triangle pairs and conductance lines are split into more levels.

Notice that the diamond now is larger because there is more states for the electrons to tunnel through while the
maximum conductance has decreased since the Γ and the barrier of entry stay the same.

Figure 3: Here the temperature has been increased while the magnetic field is once again set to zero. It shows the
current and conductance at T = 3 K. Notice that the current and conductance lines are more diffuse which is caused by

the more "smeared" Fermi-Dirac distribution.

In this simulation project, the current through the quantum dot is generated by sweeping both VSD and
VG. However, it is also possible to generate current by utilizing temperature gradients. This is apparent when
observing equation 4; the quantum dot current is dependent on temperature. Thus, the Fermi-Dirac distribution
can be manipulated by altering the temperature. This is of importance because by heating one of the leads and
keeping the other one cold the Fermi-Dirac distributions of the leads will appear as seen in the figure below

Figure 4: Illustration of the band diagram of a quantum dot that functions as a heat engine. The dot is coupled to hot
and cold electron reservoirs where the Fermi-Dirac distributions are described by temperatures and chemical potentials
TH , µH and TC , µC , respectively. γ is still equal for left and right barrier while EC indicates the band energy of the
cold side (blue) instead of the charging energy. QC and QH indicates the charge stored above the chemical potentials

due to the difference in temperature. ε0 indicates a state in the quantum dot [1].

As VG is swept, electrons from the hot electron reservoir will tunnel to the cold reservoir as the Fermi-Dirac
distribution has more thermal broadening in the hot reservoir. Consequently, if there is a flow of charge carriers
from lower to higher potential, (as indicated by the band structure in figure 4) thermal energy is converted into
electrical energy. At lower energies, more electrons are accumulated up to the chemical potential in the cold
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reservoir. Thus, as VG is swept further, the energy level inside the quantum well will sink until electrons will
start to tunnel from the cold reservoir to the hot reservoir. The heat engine will therefore only consume energy.

Figure 5: Current versus gate voltage in a quantum dot heat engine when source-drain voltage is 0 V. In the left figure
the temperatures on the electron reservoirs (source and drain) are the same. In the right figure the temperatures on the

electron reservoirs are different (TL = 1K & TR = 1.5K).

Figure 6: The power output of the device for a small source-drain bias with temperatures TL = 1 K & TR = 1.5 K

In order to prove the concept, a bias can be applied across the quantum dot when the temperatures on each
lead is different. When the dot is in a conducting state under these conditions, power is generated similarly
to when a current runs through a resistor. This is shown in figure 6. This also means there is a resemblance
between the IV-characteristics in a functioning heat engine quantum dot and the power output of a resistor.
This is because the electrical power is directly proportional to the current and resistance.
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